We propose new multi-dimensional atom optics that can create coherent superpositions of atomic wavepackets along three spatial directions. These tools can be used to generate light-pulse atom interferometers that are simultaneously sensitive to the three components of acceleration and rotation, and we discuss how to isolate these inertial components in a single experimental shot. We also present a new type of atomic gyroscope that is insensitive to parasitic accelerations and initial velocities. The ability to measure the full acceleration and rotation vectors with a compact, high-precision, low-bias inertial sensor could strongly impact the fields of inertial navigation, gravity gradiometry, and gyroscopy.
We propose new multi-dimensional atom optics that can create coherent superpositions of atomic wavepackets along three spatial directions. These tools can be used to generate light-pulse atom interferometers that are simultaneously sensitive to the three components of acceleration and rotation, and we discuss how to isolate these inertial components in a single experimental shot. We also present a new type of atomic gyroscope that is insensitive to parasitic accelerations and initial velocities. The ability to measure the full acceleration and rotation vectors with a compact, high-precision, low-bias inertial sensor could strongly impact the fields of inertial navigation, gravity gradiometry, and gyroscopy.
Inertial sensors based on cold atoms and light-pulse interferometry [1] [2] [3] exhibit exquisite sensitivity that could potentially revolutionize a variety of fields including geophysics and geodesy [4, 5] , gravitational wave detection [6] , tests of fundamental laws and inertial navigation [7, 8] . Their state-of-the-art sensitivity and ultra-low measurement bias are particularly appropriate for longterm integration as in precision measurements [9, 10] or space experiments [11] . They also offer great potential for autonomous inertial navigation systems [12] [13] [14] [15] , where the attitude and position of a moving body is determined by integrating the equations of motion.
The measurement principle of light-pulse atom interferometers (AIs) is linked to a retro-reflected laser beam that is referenced to an atomic transition. This defines a phase ruler to which the free-falling atom's trajectory is compared [16] , in analogy to classical falling-cornercube gravimeters [17] . In general, the direction of the retro-reflected beam defines the inertially-sensitive axis of these quantum sensors. They can be sensitive to accelerations [18] [19] [20] [21] [22] and acceleration gradients [23] [24] [25] parallel to the effective optical wavevector k, and to rotations perpendicular to the plane defined by k × v 0 [26] [27] [28] [29] [30] [31] [32] , where v 0 is the initial velocity of the atomic source. So far, the challenge of realizing multi-axis inertial measurements has been addressed only in a sequential manner [33, 34] , where the direction of k was changed between measurement cycles. In this work, we propose new multidimensional AI geometries that are simultaneously sensitive to accelerations and rotations in 3D, and can discern their vector components within a single shot.
In what follows, we define a multi-dimensional AI as one where the light interaction exchanges momentum with the atomic sample along more than one spatial direction at a time. This momentum exchange is accompanied by an independent phase shift along each axis, which is imprinted on the corresponding diffracted wavepacket [35] . This mechanism creates a unique type of atomoptical element that satisfies all the requirements of a multi-dimensional AI-enabling one to split, reflect and recombine matter waves along two or more axes simultaneously.
We have developed a semi-classical model for 3D atom optics involving Raman transitions [36] . Figure 1 shows examples of 2D and 3D atom-optical beamsplitters, where mutually-orthogonal pairs of counter-propagating Raman beams couple an atom with initial momentum p 0 to two or three diffracted states moving perpendicular to one another. Along each axis µ = x, y, z, two beams with wavevectors κ 1µ and κ 2µ , and corresponding frequencies ω 1µ and ω 2µ , excite two-photon Raman transitions [37] between two ground states |1 and |2 separated by frequency ω A 21 . During this process, a momentum k µ = (κ 1µ − κ 2µ ) is transferred to the atom, where is the reduced Planck's constant and k µ 2κ 1µ is the effective Raman wavevector along axis µ [38, 39] . The laser frequencies ω nµ are detuned by ∆ µ from an intermediate excited state |3, p 0 as shown in Fig. 1(c) , such that |∆ µ | is large compared to the natural linewidth of the atomic transition and, for µ = ν, |∆ µ − ∆ ν | is much larger than the effective Rabi frequency. This second condition strongly inhibits scattering processes involving absorption along one axis and re-emission along an orthogonal one. In the region of beam overlap, an atom initially in |1, p 0 undergoes 3D diffractionsplitting the wavepacket into a superposition of this undiffracted state and three orthogonal diffracted states: |2, p 0 + k µ . The dynamics of this coherent 3D diffraction process are described by Rabi oscillations in an effective 4-level system:
where the states are labelled by their internal energy and the photon momentum transfer along each direction. This system exhibits Rabi oscillations in the population between states, where the vector of state amplitudes
Here, χ µ is the Rabi frequency and
is a photon recoil shift, and m is the atomic mass. For the special case when δ x = δ y = δ z ≡ δ, the effective Rabi frequency for this system can be written analytically as Ω Rabi = 1 2 δ 2 + 4(|χ x | 2 + |χ y | 2 + |χ z | 2 ). We now discuss the specific case of 2D atom optics. Figure 2 (a) displays Rabi oscillations corresponding to a 2D beamsplitter, where population is transferred between atoms initially in |1, 0, 0, 0 and the two diffracted states |2, k x , 0, 0 and |2, 0, k y , 0 . A beamsplitter is achieved at an interaction time τ corresponding to a pulse area Ω Rabi τ = π/2, where 50% of the population is accumulated in the two target states. Contrary to a 1D beamsplitter, where one usually desires a 50/50 superposition of the initial and final states, here the population in the initial state is fully depletedclosely resembling 1D double-diffraction beamsplitters [40] [41] [42] [43] [44] . Similarly, Fig. 2(b) shows the Rabi oscillation corresponding to a 2D mirror, where a π-pulse of duration 2τ achieves 100% population transfer between |2, k x , 0, 0 and |2, 0, k y , 0 . The resonance frequency for this transition is identical to the population-reversed case (|2, 0, k y , 0 → |2, k x , 0, 0 ), which is ideal for reflecting the two arms of an interferometer. We emphasize that this population transfer is possible only through the coupling with the undiffracted state |1, 0, 0, 0 .
A key aspect of any matter-wave optical element is the transfer of a "classical" phase to the atoms [1, 16, 45] . In the case of light-pulse atom optics, this is the optical phase difference between excitation beams at the position of the atoms [2] . To illustrate how these optical phases play a role for 2D atom optics, we consider the specific case of resonant fields (δ x = δ y = 0) and Rabi frequencies of identical magnitude (χ µ = |χ|e iφµ ). Here, φ µ = k µ · r + ϕ µ is the total phase difference between Raman beams along the µ-axis, with the atomic position denoted by r and the laser phase difference by ϕ µ = ϕ 1µ −ϕ 2µ . In a truncated basis with C T = (C 0 , C x , C y ), the 2D beamsplitter and mirror pulses can then be summarized by the following matrices
Here, the role of the optical phases becomes immediately clear. For atoms undergoing a two-photon transition from |1, 0, 0, 0 to the diffracted state along axis µ, the phase φ µ is imprinted on the wavepacket. This is a result of absorbing a photon from the field propagating along κ 1µ , followed by stimulated emission into the field along κ 2µ . Similarly, the phase −φ µ is imprinted when making the transition from the same diffracted state back to |1, 0, 0, 0 . Finally, atoms transferred between diffracted states acquire the phase ±(φ x − φ y ). This arises because there is no direct coupling between |2, k x , 0, 0 and |2, 0, k y , 0 -atoms must make a four-photon transition through the intermediate state |1, 0, 0, 0 in a similar manner to double diffraction [40, 42] . A 2D Mach-Zehnder interferometer can be formed by combining a sequence of three 2D atom-optical pulses of duration τ − 2τ − τ , each separated by an interrogation time T . Figure 3(a) shows the atomic trajectories associated with this new AI geometry, where atoms are split, reflected, and recombined along two spatial directions. A simple matrix representation of this process is obtained from the following product
where U free (T ) is a unitary matrix describing the free evolution between laser interactions [46] . For an atom initially in |1, 0, 0, 0 , and allowing for different optical phases φ µ,i during the i th pulse, one can show that the two internal state populations-corresponding to the two complimentary output ports of the AI-are given by
where ∆Φ = ∆φ 1 − 2∆φ 2 + ∆φ 3 is the total AI phase shift, with ∆φ i ≡ φ x,i − φ y,i . We point out that the populations of the two diffracted states, |C x | 2 and |C y | 2 , are identical and hence carry the same information.
The state-labelled architecture of this AI enables one to readout the two AI ports by spatial-integration using resonant fluorescence or absorption imaging [47] . Although the output ports are spatially separated, the 2D AI shown in Fig. 3 (a) does not require a spatiallyresolved detection system [48] [49] [50] . An interference fringe can be obtained from either port by scanning the optical phases-allowing one to probe for inertial effects.
The atomic trajectories shown in Fig. 3 (a) give this 2D AI a unique sensitivity to inertial effects. Intuitively, since the two pathways enclose a rectangular spatial area in the xy-plane, the inertial phase is sensitive to the rotation component perpendicular to this plane, Ω z . This sensitivity is proportional to the area enclosed by the two pathways and does not require an initial velocity. In addition, when projected onto the xt-and yt-planes, these pathways enclose the same space-time area as a 1D Mach-Zehnder geometry-yielding sensitivity to the two acceleration components a x and a y .
The full inertial dynamics resulting from the interference between any two atomic trajectories are encoded in the phase shift ∆Φ. We compute this phase shift for the 2D Mach-Zehnder geometry using the ABCDξ formalism developed by Bordé and Antoine [16, 35, 51, 52] . Briefly, ∆Φ can be written as
where ∆K i ≡ k A,i −k B,i is the difference between the effective wavevectors k A,i and k B,i associated with the momentum transfer from the i th light pulse along paths "A" and "B", respectively. Similarly,
is the position on the mid-point trajectory, and ∆ϕ i = ϕ A,i − ϕ B,i is a control parameter arising from the relative laser phases. The atomic position q and momentum p trajectories are computed from the solution to the classical equations of motion [51] . Due to the symmetry of the Mach-Zehnder geometry (i.e. k A,2 + k B,2 = 0), the phase shift is entirely determined by the choice of initial wavevectors k A,1 and k B,1 [53] . In what follows, we label the AI phase shift with the subscript "A,B" which specifies both its geometry and initial wavevectors. To leading order in T , the generalized Mach-Zehnder phase shift is [36] 
Here, a = (a x , a y , a z ) is the acceleration vector due to external motion and gravity, Ω = (Ω x , Ω y , Ω z ) is the rotation vector, v 1 is the atomic velocity at the time of the first light pulse,
corresponds to the momentum transferred to the atom's center of mass by the first pulse, and we have omitted the control phases ∆ϕ i for clarity. The first two terms in Eq. (5) correspond to the well-known first-order phase shift ∆K 1 · (a + 2v 1 × Ω)T 2 which exhibits sensitivity to the components of a and the Coriolis acceleration 2v 1 × Ω that are parallel to ∆K 1 . The third term is a purely rotational phase which can be written as
We emphasize that this phase is not present in 1D light-pulse AIs where ∆K 1 × K 1 = 0. This key point leads to additional rotation and gravity gradient sensitivity [36] with multi-dimensional geometries that has not yet been exploited experimentally. In contrast to previous atomic gyroscopes [26] [27] [28] [29] [30] [31] [32] , here an initial launch velocity is not required to achieve rotation sensitivity-instead this velocity is provided by the first 2D beamsplitter. This is advantageous for two reasons: (i ) the magnitude of this velocity kick can be as precise as the value of k (typically better than one part in 10 9 ), and (ii ) the direction of the kick can be changed by simply reversing the sign of k A,1 and k B,1 . With a single atomic source, these features can then be exploited to suppress contributions from pure accelerations and initial velocities-which are the main sources of error in atomic gyroscopes [28] .
For the 2D Mach-Zehnder geometry shown in Fig. 3(a) , with initial wavevectors in the xy-plane
where a tot ≡ a + 2v 1 × Ω. Although this phase contains a mixture of different inertial effects, one can isolate each of them by using linear combinations of phases obtained from area-reversed geometries, as shown in Table I . Each phase ∆Φ A,B can be obtained from a single measurement by employing double-diffraction [40] [41] [42] [43] [44] or doublesingle-diffraction [54] atom optics in two dimensions [36] . Figures 3(b) and (c) display a scheme in which four simultaneous interferometers are generated from the same atomic source via 2D double diffraction pulses-enabling one to isolate a x , a y , and Ω z in a single shot. Here, the phase readout requires spatial resolution of the adjacent interferometer ports, therefore the cloud diameter at the final beamsplitter must be less than the separation between adjacent clouds. This implies a sub-recoilcooled source with an initial cloud size σ 0 2 k µ T /m (e.g. σ 0
1 mm for T = 10 ms). This scheme is wellsuited to inertial navigation applications, where strong variations of rotations and accelerations between measurement cycles would compromise the common-mode rejection of a sequential measurement protocol. Additionally, with strongly-correlated measurements, one can reject both the phase noise between orthogonal Raman beams and common systematic effects.
These principles can be extended to a 3D geometry, where three mutually-perpendicular pairs of Raman beams intersect to generate three separate 2D interferometers in orthogonal planes, as shown in Fig. 4 . At Fig. 3(c) . Here, the laser phase contribution ∆ϕ1 − 2∆ϕ2 + ∆ϕ3 cancels in the sum phase since it is common to all geometries. t = 0, a 3D beamsplitter diffracts an atom initially in the undiffracted state |1, 0, 0, 0 into three equal proportions traveling alongx,ŷ, andẑ. These three diffracted states continue along their respective axes (μ) until t = T , when a 3D atom-optical mirror freezes the motion alongμ and diffracts each wavepacket equally along the two directions orthogonal toμ [55] . Finally, at t = 2T the atoms intersect at three opposite corners of a cube, as shown in Fig. 4(c) , where a recombination pulse transfers population from the diffracted states in each plane to an undiffracted one. Detection of the resulting 9 spatiallyseparated clouds yields sensitivity to the full acceleration and rotation vectors in a single shot. Individual inertial components can then be isolated in the same manner previously described for a 2D geometry-that is, by exciting symmetrically with double-diffraction pulses and imaging the clouds separately in each plane.
This 3D geometry allows one to easily construct a three-axis gyroscope. For instance, the combination of phases: Θ ≡ ∆Φ x,y +∆Φ y,z +∆Φ z,x , obtained from three corners of the cube, and Υ ≡ ∆Φ −x,y + ∆Φ y,z + ∆Φ z,−x , acquired by reversing the Raman wavevector on the xaxis, yields
These phase combinations allow one to access Ω x through the sum Θ + Υ = 4 m k y k z Ω x T 2 . Hence, Eqs. (7) can be used as a building block to isolate each rotation component. A key point here is that both Θ and Υ arise from a single measurement of three simultaneous 2D interferometers in orthogonal planes. Yet they are each immune to spurious velocities, accelerations and laser phase noise, and hence can be combined to isolate a given rotation component. Since all quantities appearing in these rotation phases are precisely known, future gyroscopes based on this architecture could benefit from the same relative accuracy as cold-atom-based accelerometers [5] .
We have presented a novel approach for manipulating atomic wavepackets in multiple spatial dimensions.
These new atom-optical tools can be utilized to generate simple 2D interferometers sensitive to inertial effects in 3D. More complex planar geometries involving 2D double diffraction pulses enable one to isolate two components of acceleration and one rotation in a single shot, while also rejecting laser phase noise and common systematic effects. Finally, we discussed an extension to a 3D geometry, where the full acceleration and rotation vectors can be retrieved. These concepts can easily be extended to other AI configurations involving four or more pulses [56, 57] , which could be advantageous for applications such as multi-axis gravity gradiometry, gyroscopy, or gravitational wave detection. The sensitivity of these AIs could also benefit from multi-photon momentum transfer pulses [58] [59] [60] [61] [62] [63] , which would aid the realization of a 3D inertial sensor in a compact volume. We anticipate that this work will influence future generations of quantum accelerometers and gyroscopes, and will offer new perspectives for inertial navigation systems. Here, we describe the semi-classical formalism used to derive the dynamical equations for multi-dimensional beamsplitters and mirrors. Our approach closely follows previous work by Aspect et al [38] , Moler et al [39] , and Giese et al [42] . We consider an atom in a superposition of states
which are labeled by their internal atomic energy, and the components of the atomic momentum vector p along orthogonal directionsμ =x,ŷ,ẑ. In this representation, the complex coefficients A i (t) are time-varying state amplitudes that preserve normalization. The primary goal of this section is to derive expressions for these coefficients based on the Schrödinger equation with an appropriate Hamiltonian H
where the vector A T = (A 1 , A 2x , A 2y , A 2z , A 3x , A 3y , A 3z ) represents the superposition state at time t. The ground states |1 and |2 are coupled through an intermediate excited state |3 by three pairs of monochromatic laser fields. We label each field parameter with the pair of subscripts nµ, where n = 1, 2 corresponds to the internal ground state to which the field frequency is near resonant (i.e. the transition |n → |3 ), and µ = x, y, z indicates the axis along which the laser field is traveling. The total electric field can then be written as the following sum of travelling waves E(r, t) = 1 2 n,µ E nµ e i(κnµ·r−ωnµt+ϕnµ) + c.c.,
with counter-propagating, orthogonal wavevectors κ nµ = (−1) n+1 κ nµμ , frequencies ω nµ and phases ϕ nµ . The effective wavevectors k µ = κ 1µ − κ 2µ appearing in the basis states describe the total momentum transferred from the laser fields to the atom along each direction.
We adopt the usual semi-classical Hamiltonian with contributions from the bare atom and the atom-field interaction [39] 
where P is the momentum operator, D is the electric dipole operator, and ω A j is the internal energy of state |j . We ignore spontaneous emission by assuming the detuning from the optical transition is much larger than the natural linewidth of the excited state. Additionally, we assume that fields E 1µ couple only |1 and |3 , and fields E 2µ couple only |2 and |3 , which is a good approximation when the hyperfine splitting is large compared to the optical detuning. With this simplification, the atom-field interaction can be written as
Here, the one-photon Rabi frequencies for each field are given by χ nµ = − 1 2
3| D · E nµ |n e iϕnµ , and we have used the identity e ±ik·r = |p ± k p| dp.
We have omitted contributions from parasitic states, such as |1, p ± (κ 1x − κ 1y ) and |2, p + (κ 1x + κ 2y ) , because with an appropriate choice of frequencies (i.e. |ω nµ − ω nν | |χ nµ |, |χ nν | for µ = ν), these states can be made nonresonant with the applied fields. For the moment we also omit states that require multiple two-photon processes, such as |1, p ± (k x + k y ) and |1, p ± 2 k x , but we revisit these processes in Sec. II.
Next, we transform into the interaction representation, where the state amplitudes rotate at a frequency corresponding to their internal energy, by performing the following unitary operation
In doing so, we obtain a simpler set of equations for the coefficients B i (t), which contain no diagonal elements and are governed by the Hamiltonian in the interaction representation
After some algebra, one can show that Eq. (7b) reduces to the following systeṁ
B 2y = −iχ * 2y e i(∆y−δy)t B 3y , (9c)
Here, ∆ µ and δ µ are the detunings for fields propagating along axis µ corresponding to one-and two-photon processes, respectively. They are defined as
where 
In deriving the equations for B i (t), we ignored effects due to spontaneous emission by assuming |∆ µ | is much larger than the atomic linewidth. Additionally, we assumed that |∆ µ | |χ nµ |, |δ µ | such that the ground states in Eqs. (9e)-(9g) evolve much more slowly than the excited states, which can then be eliminated adiabatically by integrating their equations directly
By reinserting these expressions into Eqs. (9a)-(9d), we obtain an effective four-level system for B T = (B 1 , B 2x , B 2y ,
where
∆µ is a two-photon Rabi frequency, χ
is a light shift, and χ
. We now make a unitary transformation to obtain a matrix containing only constant coefficients. To achieve this, we introduce a new vector of coefficients C as defined by
which is obtained by combining two separate unitary transformations: one to remove the diagonal light-shift elements in Eq. (13) , and one to remove the e iδµt factors in the off-diagonal elements. Combining Eqs. (13) and (14), one can show thatĊ
is a differential light shift. This simple form can be solved by direct integration
This solution does not simplify to a more convenient analytical form, except for the specific case of identical detunings (δ x =δ y =δ z ≡δ). Then the matrix exponential M 3D (t) in Eq. (16) reduces to
where Θ(t) ≡ cos(Ω Rabi t) and Λ(t) ≡ sin(Ω Rabi t), and the effective Rabi frequency-the rate at which the population in the undiffracted state oscillates as a function of the interaction time-is given by
For on-resonance beams (δ = 0) and Rabi frequencies with identical magnitudes (χ µ = |χ|e iφµ , where φ µ = ϕ 1µ −ϕ 2µ ), the effective Rabi frequency reduces to Ω Rabi = √ 3|χ|, and M 3D (t) becomes
II. 2D DOUBLE-DIFFRACTION ATOM OPTICS
In this Section, we discuss the principles of double-diffraction atom optics in two dimensions. As the name suggests, double diffraction refers to an excitation analogous to two simultaneous single-diffraction events, which produces a symmetric 2 k momentum-space splitting, where k 2κ is the effective two-photon wavevector. In the 1D doublediffraction scheme, an atom initially in momentum state |p is coupled to the two symmetric states |p + k and |p − k via two pairs of counter-propagating laser fields [40, 42] . Although double diffraction has been demonstrated with both Raman [40, 41] and Bragg [43, 44] pulses in one dimension, to the best of our knowledge its generalization to multiple dimensions has not yet been considered.
To achieve symmetric momentum splitting in 2D, we consider a geometry of retro-reflected beams in the xy-plane as shown in Fig. 5(a) . Taking the x-axis as an example, the two pairs of counter-propagating beams with frequencies ω 1x and ω 2x (associated with effective wavevectors ±k x ) drive transitions between the undiffracted state |1, p and the horizontally diffracted states |2, p ± k x . To achieve this, the two pairs of beams must be simultaneously resonant with the two diffracted states. This is possible only for atoms with near-zero velocity along the x-axis, that is, velocities for which v x k x /m. A similar process occurs along the y-axis, coupling the states |1, p and |2, p ± k y for velocities v y k y /m. The set of laser frequencies that drive transitions |1, p ↔ |2, p ± k x are also near resonant with |2, p + k y ↔ |1, p + (k y ± k x ) and |2, p − k y ↔ |1, p − (k y ± k x ) [see Fig. 5(b) ]. This is because the target states (|2, p ± k x and |2, p ± k y ) differ in kinetic energy from the parasitic states |1, p ± (k x ± k y ) by only a Doppler shift (±δ . Atoms can accumulate in parasitic states from multiple two-photon processes and, although they do not participate in the 2D interferometers shown in Fig. 3(c) in the main text, these states can play an important role in the system dynamics.
To account for these higher-order processes, we consider a basis consisting of states |1, n x k x , n x k y and |2, m x k x , m y k y with integers n µ , m µ for which |n x | + |n y | = 0 or 2, and |m x | + |m y | = 1. These sums correspond to the total number of two-photon kicks allowed by the model for each internal state. The atomic wavepacket can then be written as a superposition of these states
where A j,m,n (t) is a time-dependent state amplitude analogous to those presented in Sec. I. The momentum-space representation of this basis is shown in Fig. 5(b) . One can then derive the dynamical equations for the coupled state amplitudes following the same procedure outlined in Sec. I. To illustrate the efficiency of 2D double-diffraction atom optics, we have numerically solved these dynamical equations under various conditions. Figure 6 shows the corresponding Rabi oscillations in the population of each state as a function of the interaction time with the lasers. Here, we focus on the ideal case of beams with equal intensities, and atoms with zero initial velocity such that all beams are simultaneously resonant. When the effective Rabi frequency Ω Rabi is small compared to the recoil frequency, we find near-perfect efficiency for 2D double-diffraction atom optics, as shown in Figs. 6(a,c) . With Ω Rabi = 0.1 δ R µ , the beamsplitter approaches 98.6% efficiency-meaning only 1.4% of the population is lost to parasitic states when at the optimal pulse area of π/2. Similarly, the mirror pulse shown in Fig. 6 (c) exhibits an efficiency of 98% at a pulse area of π. However, as Ω Rabi increases, the efficiency of the double-diffraction atom optics decreases. This is primarily a result of the non-negligible coupling to parasitic states due to the finite bandwidth the atom optics pulse, which increases in proportion to Ω Rabi . For instance, when Ω Rabi = 0.5 δ R µ as in Figs. 6(b,d) , the efficiency reduces to ∼ 63% (83%) for the beamsplitter (mirror) and steadily declines as the Rabi frequency increases-where one preferentially populates |1, ± k x , ± k y and |1, ± k x , ∓ k y over the target states.
Although these zero-velocity simulations give a simple picture of the double-diffraction process, the full state dynamics are velocity-dependent and an accurate physical description of these atom optics must include the velocity distribution of the sample. Such a study is beyond the scope of this work, but will be the subject of a future publication.
III. DERIVATION OF THE MULTI-DIMENSIONAL MACH-ZEHNDER PHASE SHIFT
Here, we give a brief review of the ABCDξ matrix approach and the general formulas for the AI phase shift based on the theoretical work of Bordé and Antoine [16, 35, 51, 52] . The ABCDξ formalism for atom optics, based on the ABCD matrix method used in classical optics, is a powerful approach for computing the trajectories and corresponding phase shift for any matter-wave interferometer configuration. The ABCDξ theorem [16] gives the exact solution for a general wavepacket evolving in a time-dependent external Hamiltonian that is at most quadratic in position and momentum. Briefly, from the mid-point theorem, the interferometer phase shift can be written as
where k A,i and k B,i are effective wavevectors corresponding to the photon momentum transferred to the atom along paths A and B, respectively, at interaction time t = t i . The vector Q i is the position on the mid-point trajectory
and the phases φ A,i and φ B,i are relative laser phases. Equation (21) states that the interferometer phase shift is solely determined by the phase imprinted on the atoms by the lasers at locations along the mid-point trajectory during interaction times t 1 , t 2 , . . . , t N . This relationship was recently tested experimentally to a high degree of accuracy [25] . The atomic position and momentum trajectories, denoted by the three-component vectors q and p, are computed from the solution to Hamilton's equation [51] 
where the 6 × 6 ABCD matrix M ij ≡ M(t i , t j ) and the six-component vector L ij ≡ L(t i , t j ) are evaluated over the time interval t ∈ [t i , t j ]. The 3 × 3 matrices A, B, C, D, and the three-component vectors ξ, η, depend on the exact form of the Hamiltonian. The mid-point trajectory at the time of each light pulse can be computed recursively from
with initial conditions χ 0 = (q 0 , p 0 /m) and k 0 = 0.
To give a concrete example of the ABCDξ formalism, we consider the following Hamiltonian which includes the effects of rotations, accelerations, and gravity gradients-encompassing virtually all of the important physics for atom interferometry applications
